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1 Introduction & Preliminaries

So far we have discussed a lot including simplicial sets, model categories , Quillen
adjunctions and equivalences and the Cofibrantly generated model structures.
We will see today how some of the concepts are very important in defining
certain kind of “derived” functors (a terminology that was born in homolog-
ical algebra). A particular and important example of “derived” functors are
homotopy (co)limits

Homotopy limits and colimits in the usual topological category are very
useful and many natural constructions can been seen as special case of these.
To get an idea how diverse constructions they are some examples of homotopy
limits are mapping path space homotopy fibers, loop spaces to name a few.
Similarly Homotopy colimits are the suspension, wedge and smash product,
mapping cylinder, homotopy cofiber, join the nerve and classyfing space ... But
to make sense of these construction in sSet or any model category we need a
lot of machinery.

Firstly, we need some preliminary results, lemmas and tools. Their useful-
ness will become apparent soon in showing that these“derived” functors exist.
To any model category M we can associate 3 subcategories Mc consisting of
all cofibrant objects, Mf of all fibrant objects and Mcf of all cofibrant-fibrant
and we can define a functor Q : M → Mc called the cofibrant replacement.
(That will be an exercise) Denote the map( acyclic fibration by construction)
pX : QX → X

Lemma 1.1 (Brown’s Lemma). Let C be a model category and f : A → B
between cofibrant objects. Then f can be factorized as f = qi where i is a
cofibration and q an acyclic fibration and q has a right inverse which is an
acyclic cofibration. Moreover if f is an weak equivalence then i is an acyclic
cofibration.

Proof. Let f : A→ B ∈ Cc. The inclusions i0 : A→ AqB and i1 : B → AqB
are cofibrations, because pushouts of cofibrations are again cofibrations. So we
have the map

k : AqB → B

and by axiom 5 we factorize it to a cofibration followed by an acyclic fibration
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AqB �
� j

// Cf
q

∼
// // B

So now we have that f = k ◦ i0 = q ◦ (j ◦ i0) and also q ◦ (j ◦ i1) = k ◦ i1 = idB
and hence j ◦ i1 is a right inverse of q. Moreover j ◦ i1 is a cofibration as a
composition of cofibrations and because q ◦ j ◦ i1 = idB and q is w.e. from
axiom 2 j ◦ i1 is also w.equivalence. Finally if we suppose that f is a w.e. and
because q is also w.e. and f = q(j ◦ i0) from axiom 2 we have that j ◦ i0 is an
w.e. hence acyclic cofibration.

An easy corollary of Brown’s Lemma is the following.

Corollary 1.1.1. Let M be a model category, C a category and F :M→ C a
functor wit the following property: F sends acyclic cofibrations between cofibrant
objects of M to isomorphisms in C then it will send all weak eq. between
cofibrant objects to isomorphisms in C. Also the dual holds.

Proof. Let A,B ∈ Mc and f : A → B a w.equivalence. From Brown’s lemma
we can factorize it as

A �
� i
∼
// Γ

q

∼
// // B

and suppose that B
� � j

∼
// Γ is the right inverse to q. The object Γ is cofibrant

too and so from the assumption we have that F (i), F (j) is isomorphisms and
from F (q)F (j) = idF (B) we have that F (q) is iso too and so is F (f) = F (q)F (i)

2 Derived functors

Recall the universal property of the localization functor γ :M→ Ho(M). That
is, it is homotopy invariant (sends weak equivalences to isomorphisms) and if
F : C → C is any other homotopy invariant functor then there is a unique
extention Φ : Ho(M)→ C such that F = Φ ◦ γ

So now, let F :M→ C be any functor whereM is a model category and C an
arbitrary one. Then we may ask if F is homotopy invariant (which means that
maps weak equivalences to isomorphisms) which is equivalent to the existence
of a functor Φ making the diagram

M

γ

��

F

##
Ho(M)

Φ? // C

commutative. Suppose that there is no such functor, what do we do then? We
relax the requirement Φ ◦ γ = F and we ask if there is a natural transformation
Φ◦γ ⇒ F. Probably there are many such functors Φ and form a category whose
morphisms are natural transformations. If this category has a terminal object
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we call it left derived functor of F . Similarly if the category admits an initial
objcet we call that right derived functor

To make it formal here is the definition.

Definition 2.1. Let M be a model category and C a category, F : M → C
a functor and γM : M → Ho(M) the localization functor. A left derived
functor for F (if it exists) is a pair (LF, ε) where LF : Ho(M) → C and
ε : LF ◦ γM ⇒ F such that it has the following universal property: for every
functor G : Ho(M) → C and every natural transformation ζ : G ◦ γM ⇒ F
there is a unique natural transformation θ : G ⇒ LF such that ζ = ε ◦ (θγM).
(This is a right Kan extension along γM)

Dually a right derived functor of F (if it exists) is a pair (RF, ε) where
RF : Ho(M) → C and ε : F ⇒ RF ◦ γM such that for every functor G :
Ho(M) → C and every natural transformation ζ : F ⇒ G ◦ γM there is a
unique natural transformation θ : RF ⇒ G with ζ = (θγM) ◦ ε

Now that we have provided a good definition, but do these derived functors
even exist? If the category C is complete then the left derived functor (right
Kan extension) always exist, look [Maclane, pp 239] and similarly if C is co-
complete the right derived functor exists. But especially when M is a model
category (we do not impose any conditions now on the target category) we have
the following existence theorem.

Theorem 2.1 (Existence theorem for derived functors.). Let M be a model
category and F : M → C a functor with the property : The functor F sends
acyclic cofibrations between cofibrant objects to isomorphisms in C. Then the left
derived functor (LF, ε) of F exists and for each cofibrant object X ∈M the map
ε(X) : LF (X)→ F (X) is an isomorphism.

Proof. We define the functor F ◦ Q := D : M → C, where Q is the cofibrant
replacement. If f : X → Y is an weak equivalence then also Qf : QX →
QY is an weak equivalence between cofibrant objects and so by the Corollary
1.1.1 of Brown’s lemma above and the assumption of the theorem we have that
F (Qf) = Df is an isomorphism in C. So from the universal property of the
construction of Ho(M) there will exist a functor Φ = LF : Ho(M) → C such
that LF ◦ γM = D. Also define ε : LF ◦ γM ⇒ F by

εX = F (pX) : LF ◦ γ(X) = D(X) = F (QX)→ F (X)

this is natural transformation.
Claim: The pair (LF, ε) just constructed is the left derived functor of F.

We have to show the universal property. Let G : Ho(M)→ C a functor and
ζ : G ◦ γ ⇒ F a natural transformation then by naturality of ζ we have the
following commutative diagram

G ◦ γ(QX)
ζQX

//

(G◦γ)(pX)

��

F (QX)

εX

��

G ◦ γ(X)
ζX

// F (X)
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Now, define the following natural transformation θ : G ⇒ LF with ζQX ◦
(G ◦ γ(pX))−1. We can do that because since pX is an w.equivalence and so
γ(pX) is an isomorphism in the homotopy category and because G is a functor
we have also that (G ◦ γ)(pX) is an isomorphism.

So we have

G ◦ γ(QX)
ζQX
//

(G◦γ)(pX)

��

F (QX) = (LF ◦ γ)(X)

εX

��

G ◦ γ(X)
ζX

//

UU
θX

55

F (X)

Now, if was X is cofibrant then from the hypothesis of the proposition we
have that the morphism F (pX) in an isomorphism and so θX is the only choice
of morphism that makes the diagram commutative. But we have X ' QX
(isomorphic) for every object of Ho(M) and so we get the uniqueness of θ.

2.1 Total derived functors

Now we move to define the total left derived functor.

Definition 2.2. Let M,N model categories and F : M → N a functor. A
total left derived functor LF for F is a functor LF : Ho(M) → Ho(N ) which
is left derived for the composite γN ◦ F : M→ Ho(N ). Similarly a total right
derived functor RF for F is a functor RF : Ho(M)→ Ho(N ) which is a right
derived functor for the composite γN ◦ F

M F //

γM

��

N

γN

��

Ho(M)
LF
// Ho(N )

In Alexander’s second talk about model categories he introduced the concept
of Quillen adjunction and Quillen equivalence between model categories. The
importance for these concepts will become apparent in the following theorem
proved by Quillen see [Quillen, I, §4]

Theorem 2.2. Let M and N model categories and

F :M⇐⇒N : G

a pair of adjoint functors such that F preserves cofibrations and G preserves
cofibrations (Quillen functors). 1 Then the total derived functors

LF : Ho(M)⇐⇒ Ho(N ) : RG

exist and form an adjoint pair. If in addition the Quillen pair (F,G) is a Quillen
equivalence meaning (recall AMc and BNf then the morphism f : A → G(B)
is weak equivalence if and only if f [ : F (A) → B is weak equivalence) then the
fuctors LF,RG are inverse equivalences of categories.

1This is equivalent with Alex’s definition of Quillen functors !
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Example 2.1. 1. Pol in his talk introduced the functors of Sing and geo-
metric realization. They are in fact adjoint

|·| : sSet⇐⇒ Top : Sing

and if we equip sSet with the standard model structure (Quillen, that
was Mohammed’s talk) and Top also with the Quillen introduced by Alex
then they satisfy the conditions(stronger) and so they induce an inverse
equivalence of homotopy categories Ho(sSet)⇐⇒ Ho(Top)

2. The Dold-Kan correspondence mentioned also by Alex also form and ad-
joint pair of functors ChR ⇐⇒ sAb and they satisfy the stronger condi-
tions of the theorem and so their homotopy categories are equivalent. We
can in fact take instead of the category of abelian groups Ab, the category
of modules Mod. Thus homological algebra “ is” the homotopy theory of
sModR

Remark 1. The model structure here considered on ChR is defined by
fibrations to be degreewise surjections and weak equivalences the quasi-
isomorphisms(another example of projective model strucure). Also the
model structure on the category of simplicial groups in the one that has
weak equivalences and fibrations as in sSet. See [Quillen, II §3]

3. High brow example. Let Cat the category of small categories. There
is model structure on this category by defining weak equivalences to be
functors which are equivalences of categories(fully faithful and essentially
surjective ) cofibrations functors which are injective on objects and fibra-
tions are the functors that f : X → Y such that for any x ∈ X and any
isomorphism α : f(x)→ y then there is an isomorphism in X that which
maps to α through f . It turns out that there is an Quillen equivalence be-
tween Cat and ssSet which are the bi-simplicial sets that is the category
of functors ∆op → sSet or written differently ∆op ×∆op → Set

4. Insert here your favourite Quillen equivalence!

3 Homotopy pullbacks, pushouts & homotopy
limits, colimits

Colimits are one of the basic tools in any category to construct new objects
from old ones. But lets see what can go wrong when we compare two diagrams
using a pointwise homotopy equivalence. Suppose we have a diagram in a model
category F : I → C with the shape of I being the 0← 1→ 2 and so we have
Y ← X → Z. Suppose we have another diagram G : I → C and a natural
transformation between them Ψ : F → G meaning

F (0)

Ψ0

��

F (1)oo //

Ψ1

��

F (2)

Ψ2

��

G(0) G(1)oo // G(2)
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even if the vertical morphisms Ψ(i) : F (i) → G(i) are weak equivalences this
does not imply that colimI(F ) → colimI(G) is a weak equivalence. For a
concrete example take the morphism of diagrams in Top

Dn

Ψ0

��

Sn−1oo //

Ψ1

��

Dn

Ψ2

��
∗ Sn−1oo // ∗

So we need a new version of the colimit such that if the vertical arrows of
a natural transformation between diagrams are weak equivalences then the “
new” colimits are weakly equivalent.

3.1 Model structure for Fun(I, C)
So as we said above the functor colim : Fun(I, C)→ C is usually not homotopy
invariant. So according to what we have developed so far we need to correct this
by finding a total left derived functor for the functor colim : Fun(I, C) → C
which means equipping the category Fun(I, C) with a model structure such that
the adjoint functors colim : CI ⇐⇒ C : ∆ satisfy the conditions of our theorem
2.2

In the example above where I = {0← 1→ 2} define a morphism Ψ : F ⇒ G
of Fun(I, C) to be an weak equivalence (fibration) if the morphisms Ψi are weak
equivalences (fibrations) in C and the cofibrations those morphisms which have
the LLP with respect the maps in fib∩w.. With this model structure a cofibrant
object would be a diagram F (0)← F (1)→ F (2) if the object F (1) is cofibrant
and the maps F (1) → F (0), F (1) → F (2) are cofibrations. This is a very
particular example of a projective model structure as in [Dundas, pp 47] . This
model structure is suited to construct the Lcolim = hocolim If you dont believe
that and like to see a proof read §10.4 of [Dywer, Spalinski]

If the shape category was the pre-pullback meaning I = {0 → 1 ← 2} we
would need to take the same weak equivalences but we would choose first the
cofibrations to be the pointwise cofibrations and the fibrations to be defined by
the RLP wrt the maps in cof∩w. This model strucure is a particular example of
a cofibrantly generated (or injective) This model structure is suited to construct
the Rlim = holim

In full generality for I arbitrary small category and C arbitrary category
there is no canonical way to equip the functor category with a model structure.
But there are two notable exceptions

• if I is very small in the sense that

1. I has a finite number of objects

2. finite number of morphisms

3. there exists an integer N such that if A0 → A1 → . . . An is a string
of composable arrows with n > N then some arrow is an identity
morphism.
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then we can equip the category CI with two different model structures the
generalization of the projective and the cofibrantly generated introduced
my Joost and that makes heavy use of the small object argument proven
by Mohamed. This can actually be slightly generalized to take I to be the
telescope category that is, given by the graph (0→ 1→ 2→ . . .)

• On the other hand ,which mostly concern us, if C = sSet then for arbitrary
small I the functor category Fun(I, sSet) always has the projective and
cofibrantly generated model structure and hence sSet has all homotopy
(co)limits See [BK, chapters XI, XII]. The main ingredient of the proof is
Theorem 4 see [Quillen, II §4]

This approach for derived functors and specifically for the homotopy limits
and colimits that we developed is based on adjoint functors and it is one of
many possible approaches.

Remark 2. Caution though! Do not confuse homotopy limits/colimits which
are derived functors with limits in the homotopy category Ho(M) meaning
limits/colimits of diagrams I → Ho(M). Though the model category M is
complete and cocomplete the derived category rarely is.

4 Exercises

Hand in the starred ones.

• ∗ How we can define the induced morphism Qf : QX → QY ? Show
moreover that f : X → Y is weak equivalence if and only if Qf : QX →
QY is weak equivalence.

• ∗ Show that if F : M ⇐⇒ G : N is a pair of adjoint functors then ,
F preserves cofibrations and G preserves fibrtions is equivalent to : F
preserves cofibrations and acyclic cofibrations.

• In the usual Top for a diagram X → Z ← Y define the homotopy
limit(pullback) to be the subspace of of X × Map(I, Z) × Y defined by
{(x, α, y) : α(0) = f(x), α(1) = g(y)}.Given a map f : X → Y can you find
what is the homotopy pullback of the diagram {y0} → Y ← X. Can you
find what is the homotopy pullback of the diagram {x0} → X ← {x0}?

• Read the proof of Theorem 2.2 in [Quillen, I, §4, theorem 3]
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