
These notes are largely based on Model categories by Hovey and Nlab and
make no claim to originality. Some readers will notice that entire sections are
lifted from these sources. They would be correct.

Homology

Let G be a simplicial abelian group. That is a simplicial object in Ab, or equiv-
alently each Gn is an abelian group, and there are homomorphisms di : Gn →
Gn and sj : Gn → Gn+1 which satisfy the identities for simplicial objects. Any
simplicial abelian group gives rise to a chain complex, called the Moore com-
plex, with the boundary operator δn : Gn → Gn−1 defined by

δn =

n∑
i=0

(−1)idi

It is straightforward to verify that δ2 = 0

δ2x =

n−1∑
i=0

((−1)idi
n∑

j=0

dj) =

n−1∑
i=0

n∑
j=0

(−1)i+jdidjx = 0

by using the identity didj = dj−1di for i < j. We define the homology groups
of this chain complex to be Hn(G) = Kerδn/Imδn+1. Let Z : Set → Ab be the
functor which takes sets and gives the free abelian groups on those sets. Then,
if X is a simplicial set, Z(X) is a simplicial free abelian group.

Definition 0.1. The homology groups Hn(X) of a simplicial set X are the ho-
mology groups Hn(Z(X)) using the induced boundary operator.

Example 0.2. For a topological space Y , it is clear that the homology groups
Hn(SingY ) are the singular homology groups of Y from algebraic topology.

Let X be a simplicial abelian group. Then Cnorm
q = ∩q−1

i=0 Ker{di : Xq → Xq−1}
and boundary maps given by the remaining face maps. Clearly homology and
simplicial abelian groups are intricately related. Indeed we have the Dold-Kan
theorem:

Theorem 1. (Dold-Kan) The normalized chain complex gives an equivalence of
categories

Cnorm : sAb→ Ch≥0
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Model categories

Definition 0.3. Let C be a category. A map f is a retract of g is if there is a
commutative diagram

A B A

C D C

f g f

where the horizontal compositions are identities.

Definition 0.4. A functorial factorization is an ordered pair (α, β) of functors
Mor(C) 7→Mor(C) such that f = β(f) ◦ α(f) for all f ∈Mor(C).

Definition 0.5. Let C be a category and suppose f, g are morphisms. Then f
is said to have the left lifting property with respect to g and g is said to have
the right lifting property with respect to f if there exists a map h filling in the
following commutative diagram

A B

C D

f gh

Definition 0.6. A model structure on a category C consists of three classes
of morphisms called fibrations, weak equivalences, and cofibrations, and two
functorial factortorisations (α, β) and (γ, δ) satisfying the following conditions:

• (2 out of 3) Let f, g two composable morphisms inC. If two out of f, g, f ◦
g are weak equivalences then so is the third.

• (Retract) If f is a retract of g and g is a fibration, weak equivalence, or
cofibration then so is f .

• (Lifting) Call a morphism a trivial (co)fibration if it is both a (co)fibration
and a weak equivalence. Then cofibrations have the left lifting property
with respect to trivial fibrations. And trivial cofibrations have the left
lifting property with respect to fibrations.

• (Factorization) For any morphism f , α(f) is a cofibration β(f) is a trivial
fibration, γ(f) a trivial cofibration and δ(f) a fibration.

Definition 0.7. A model category is a category C with all small (co)limits and
a model structure on C.

Remark 0.8. A very useful property of the axioms for a model category is that
they are self-dual. That is, suppose C is a model category. Then the opposite
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category Cop is also a model category, where the cofibrations of Cop are the
fibrations of C, the fibrations of Cop are the cofibrations of C, and the weak
equivalences of Cop are the weak equivalences of C. The functorial factoriza-
tions also get inverted: the functor α of Cop is the opposite of the functor δ of
C, the functor β of Cop is the opposite of the functor γ of C, etc. We denote it
by DC, and refer to DC as the dual model category of C. This means every
statement has a dual statement; I will state these everytime but only proof one
of the statement, the others follows immediately.

Lemma 0.9. (Retract lemma) Suppose we have a factorisation f = p ◦ i in a category
C, and suppose f has the left lifting property with respect to p. Then f is a retract of i.
Dually, if f has the right lifting property with respect to i, then f is a retract of p.

Proof. First suppose f has the left lifting property with respect to p. Write f :
A→ C and i : A→ B. Then we have a lift r : C → B in the diagram

A B

C C

f

i

ph

Then the diagram

A A A

C B C

f i f

r p

show f is a retract of i.

The retract argument implies that the axioms for a model category are overde-
termined.

Lemma 0.10. Suppose C is a model category. Then a map is a cofibration (a trivial
cofibration) if and only if it has the left lifting property with respect to all trivial fibra-
tions (fibrations). Dually, a map is a fibration (a trivial fibration) if and only if it has
the right lifting property with respect to all trivial cofibrations (cofibrations).

Proof. I leave (...) to the reader. " =⇒ " follows by definition. For the reverse
implication, suppose f has the left lifting property with respect to all trivial
fibrations. Factor f = p ◦ i where p is a trivial fibration and i is a cofibration.
Then by assumption f has the left lifting property with respect to p so by the
retract lemma we know f is a retract of i. By the axioms of a model category
this implies f is a cofibration.
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Remark 0.11. If we want to define a model structure on a complete and co-
complete category it is sufficient to define either the fibrations and the weak
equivalences or the cofibrations and the weak equivalences.

Corollary 0.12. Suppose C is a model category. Then cofibrations (trivial cofibrations)
are closed under pushouts. That is, if we have a pushout square

A B

C D

f g

where f is a cofibration (trivial cofibration), then g is a cofibration (trivial cofibration).
Dually, fibrations (trivial fibrations) are closed under pullbacks.

Proof. Exercise

Definition 0.13 (The homotopy category of a model structure). Suppose C is
a category with a subcategory of weak equivalences W . Define the homotopy
“category” HoC as follows. Form the free category F (C,W−1) on the arrows
ofC and the reversals of the arrows of W. An object of F (C,W−1) is an object of
C, and a morphism is a finite string of composable arrows (f1, f2, ..., fn) where
fi is either an arrow of C or the reversal w−1 of an arrow w of W . The empty
string at a particular object is the identity at that object, and composition is de-
fined by concatenation of strings. Now, define HoC to be the quotient category
of F (C,W−1) by the relation 1domw = (w,w−1) and 1codomw = (w−1, w) for all
w ∈W .

Remark 0.14. The notation HoC is certainly not ideal for this “category”. The
right notation is C[W−1]. Our excuse for not adopting the right notation is that
we will always take C to be a subcategory of a model category and take W to
be the weak equivalences in C.

Definition 0.15. Suppose C is a model category, and f, g : B → X are two
maps in C.

• A cylinder object for B is a factorization of the fold map : B
∐
B → B

into a cofibration i0 + i1 : B
∐
B → B0 followed by a weak equivalence

s : B0 → B.

• A path object for X is a factorization of the diagonal mapX → X×X into
a weak equivalence r : X → X0 followed by a fibration (p0, p1) : X0 →
X ×X .

• A left homotopy from f to g is a map H : B0 → X for some cylinder
object B0 for B such that H ◦ i0 = f and H ◦ i1 = g. We say that f and g
are left homotopic if there is a left homotopy from f to g.
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• A right homotopy from f to g is a map K : B → X0 for some path object
X0 for X such that p0 ◦ K = f and p1 ◦ K = g. We say that f and g are
right if there is a right homotopy from f to g.

• We say that f and g are homotopic, written f ∼= g, if they are both left
and right homotopic.

• f is a homotopy equivalence if there is a map h : X → B such that
hf ∼= 1B and fh ∼= 1X .

Remark 0.16. It is in fact quite difficult to give examples (models?) of model
structures on a category since it can be quite difficult to prove the axioms.
There are four different model categories which will be of importance to us:
topological spaces Top, simplicial sets sSimp, chain complexes Chain, and
Voedvosky’s model structure on simplicial sheaves on the Nisnevich site. To-
day I will only consider the model category of topological spaces. Proving
(co)completeness and the first two axioms is usually not that hard, but espe-
cially the functorial factorisation needs some quite sophisticated arguments
(for instance the Quillen small object argument), and because this seminar is
about Motivic homotopy theory and not model categories we will probably
not be able to cover these techniques.

Remark 0.17. Above we saw that the axioms of a model category are somewhat
"overdetermined" in that (trivial) cofibrations were completely determined by
lifting properties with respect to (trivial) fibrations. It would be tempting to say
that to give a model structure it suffices to give only the fibrations and weak
equivalences and check axioms (1),(2),(4) and use (3) to define the cofibrations.
This is close to correct but not entirely, the problem is that (trivial) fibrations are
also defined in terms of (trivial cofibrations and one needs to check that both
definitions give the same class of (trivial) fibrations. Fortunately for the exam-
ples that we’ll consider, we can just assume that this is the case. See theorem
2.1.19, Hovey.

Example 0.18 (Examples of model categories). The category of Top of topolog-
ical spaces. Philosophically, model structures allow one to localize a category at
a particular collection of weak equivalences, which one would like to formally
invert.

For topological spaces, there are two natural candidates for the collection W of
weak equivalences:

• the weak homotopy equivalences

• the homotopy equivalences

Both of these have accompanying model structures.

[Quillen model structure] Let I be the unit interval and Dn be the unit disk in
Rn.

Example 0.19. The first, and most prevalent, model structure has
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• weak equivalences are weak homotopy equivalences

• fibrations are the Serre fibrations; maps which have the right lifting prop-
erty with respect to all inclusions of the form i0 : Dn[hook]Dn × I

• the cofibrations are determined to be the maps with the left lifting prop-
erty with respect to the trivial fibrations.

Example 0.20. A second model structure has

• weak equivalences are the homotopy equivalences;

• fibrations are the Hurewicz fibrations, which are defined to be maps that
have the right lifting property with respect to all inclusions i0 : A→ A×I
for any topological space A.

• cofibrations are determined by these classes and are called the closed
Hurewicz cofibrations.

This model structure is sometimes called the Hurewicz model structure, since it
uses Hurewicz fibrations and cofibrations, or also the h-model structure, where
h can stand for either “Hurewicz” or “homotopy equivalence.” However, it is
also sometimes called the Strøm model structure, since it was first proven to
exist by Arne Strøm.

Caution 0.21. The cofibrations are not the Serre cofibrations. Neither are the
closed Hurewicz cofibrations are not the same as the "normal" Hurewicz cofi-
brations from classical homotopy theory.

Definition 0.22 (Quillen functors). Suppose C and D are model categories.

1. We call a functor F : C → D a left Quillen functor if F is a left adjoint
and preserves cofibrations and trivial cofibrations.

2. We call a functor G : D → C a right Quillen functor if U is a right adjoint
and preserves fibrations and trivial fibrations.

3. Suppose (F,G, φ) is an adjunction from C to D. That is, F is a func-
tor C → D, U is a functor D → C, and φ is a natural isomorphism
D(FA,B) → C(A,GB) expressing G as a right adjoint of F . We call
(F,G, φ) a Quillen adjunction if F is a left Quillen functor.

Definition 0.23. A Quillen adjunction (F,G, φ) is a Quillen equivalence if there
are natural isomorphisms α : G ◦F → IdC and β : F ◦G→ IdD such that α(c)
and β(d) are weak equivalences for all c ∈ C, d ∈ D.

Remark 0.24. Recall a zero object is an object that is both a terminal and an
initial object. A category with a zero object will be called pointed.

Definition 0.25. IfC is a model category, then it has an initial object, the colimit
of the empty diagram, and a terminal object, the limit of the empty diagram.
We call an object of C cofibrant if the map from the initial object 0 to it is a
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cofibration, and we call an object fibrant if the map from it to the terminal
object 1 is a fibration.

Hand in exercises 1,2,3.

1. Prove isomorphisms in a model category are fibrations, cofibrations and
weak equivalences.

2. Prove cofibrations are stable under pushout and fibrations are stable un-
der pullback.

3. Prove Top is complete and cocomplete: it has all small limits and col-
imits. Hint: you may use that a category is (co)complete if it has all
(co)limits and (co)equalizers.

4. Prove the Quillen model structure endows Top with the structure of a
model category. The functorial factorisation is very difficult; you don’t
have to do it.

5. If f : Y → X is any map, the mapping fibration of f is the map p : P (f)→
X constructed as follows. The space P (f) is the fibered product

P (f) = XI ×X Y = {(α, y)|α(1) = f(y)}

and the map p is given by p(α, y) = α(0). It turns out that this construc-
tion gives a fibration overX . See http://www.math.ru.nl/~gutierrez/
files/Lecture05.pdf Example 5.2 (vi).

In fact we can use this construction to find a cofibrant replacement for any
map f . Prove that the map φ given by φ(y) = (κf(y), y) is a homotopy
equivalence which makes the obvious diagram commute. Here, as usual,
we denote by κf(y) the constant path at f(y).

6. Finish the exercises of last time
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