
Recall
Definition 0.1. The category ∆ has as objects the ordered sets [n] = {0, 1, · · · , n} for all n ∈ N and as
morphisms order preserving maps.
Remark 0.2. We have distinguished maps

di : [n− 1]→ [n], di(j) =

{
j if j < i
j + 1 if j ≥ i

si : [n+ 1]→ [n], si(j) =

{
j if j ≤ i
j − 1 if j > i

Definition 0.3. A simplicial set is a contravariant functor ∆ → Set, a morphism of simplicial sets is
a natural transformation. If X is a simplicial set we will usually write Xn for the set X([n]). Elements
of the set Xn are called n-simplices. We will write S for the category of simplicial sets, morphisms are
natural transformations of functors.
Remark 0.4. The Yoneda lemma states for any functor F : C→ Sets that there is a natural bijection

F (c) = Nat(Hom(−, c)), F )

In particular we obtain a natural bijection between the sets Xn
∼= S(∆(−, [n]), X).

1 Properties of simplicial sets

Proposition 1.1. Let C be a small category and let F be a presheaf on C, i.e., a contravariant
functor C→ Set. Then F is (isomorphic to) a colimit of representable functors.

Proof. ([Mat11a]) Let Ĉ be the category of presheaves on C and let F be a presheaf. Form a new category
DF with objects natural transformations Hom(−, c) → F for c ∈ C and as morphisms commuting
diagrams.

Hom(−, c1) Hom(−, c2)

F
Note that the Yoneda Lemma implies that maps Hom(−, c1)→ Hom(−, c2) are in correspondence with
maps c1 → c2. We will define a functor φ : DF 7→ Ĉ as

(Hom(−, c1)→ F ) → Hom(−, c1).

We notice that φ factors through C since its image is simply all representable functors in Ĉ. For every
(Hom(−, c1)→ F) ∈ DF there is a map φ[Hom(−, c1)→ F ]→ F (tautologically) and so there is a map
ψ (this colimit exists since C is small)

lim−→
(Hom(−,c)→F )∈DF

φ[Hom(−, c)→ F ]→ F

or
lim−→

Hom(−,c)→F

Hom(−, c)→ F
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which we will show to be an isomorphism. We will need to show that this map is injective and surjective
for every object of C and that it is a natural transformation of functors.

• It is a natural transformation since we have a natural transformation φ[Hom(−, c) → F ] → F for
all (Hom(−, c)→ F) ∈ DF and so a natural transformation from the colimit to F .

• (Surjectivity) Let c ∈ C and let f ∈ F(c), then there is a corresponding map Hom(−, c)→ F such
that the identity on c gets mapped to f (by the Yoneda lemma).

• (Injectivity) Suppose b ∈ C. We need to prove

lim−→
Hom(−,c)→F

Hom(b, c)→ F(b)

is injective. So suppose a1, a2 ∈ lim−→Hom(b, c) gets mapped to the same element in F(b). Remark
that in fact a1, a2 get determined by their value at Hom(b, b) → (F )(b). Furthermore use the fact
that colimits of presheaves can be computed point wise (see exercise in the previous lecture).

Remark 1.2. The (contravariant) Yoneda embedding respect limits so there is no way to write an
arbitrary presheaf as a limit of representable presheaves.

2 Geometric Realisation

We are still following Akhil Mathew’s blog [Mat11b].

Remember the functor || : ∆→ Top sending [n]→ ∆n. We want to extend this functor to all simplicial
sets. This is indeed possible, we will provide a proof in a more general setting.

Proposition 2.1. If E is a cocomplete category, there is a natural bijection between left adjoints
functors F̂ : Ĉ → E and functors F : C → E given by restricting F̂ to Hom(−, c), where Y is the
Yoneda-embedding.

Proof. Every element of Ĉ is a colimit of representable functors. Since left adjoint functors preserve
colimits, such a functor is uniquely determined by what it does to representable functors, so restriction
is injective. To make things precise, let A be in Ĉ and let DA be the category as in Proposition 1.1, so

A = lim−→
D

Hom(−, c)

If F̂ is a left adjoint functor Ĉ→ E then

F̂ (A) = lim−→
DF

Hom(−, c)

= lim−→
DF

F̂ (Hom(−, c)),

so the functor F is determined by what it does on the image of the Yoneda embedding Y .
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Now let F : C→ E be a functor, we want to extend it to a functor F̂ : Ĉ→ E. Let G ∈ Ĉ, then we can
write

G = lim−→
DG

Hom(−, c)

and it seems natural to define

F̂ (G) := lim−→
DG

F (c).

We need to show that F̂ is a left adjoint functor, so we will construct its right adjoint. We can explicitly
define the right adjoint as

H : E→ Ĉ

E 7→ (X 7→ homC(F (X), E) ,

where X is an element of C and E ∈ E, so the above is indeed a presheaf. Note that it automatically
follows that F (c) = F̂ (Hom(−, c)).

To check that this is indeed the right adjoint we let A ∈ Ĉ and E ∈ E

homĈ(A,H(E)) ∼= homĈ(lim−→
DA

Hom(−, c), H(E)) (Write A as colimit of representable functors)

∼= lim←−
DA

homĈ(Hom(−, c), H(E)) (Hom turns colimits in first variable into limits)

∼= lim←−
DA

H(E)(c) (Yoneda Lemma)

∼= lim←−
DA

homE(F (c), E) (Definition of H)

∼= homE(lim−→
DA

F (c), E) (Hom turns limits outside into colimit in first variable)

∼= homE(F̂ (A), E) (Definition of F̂ ).

An immediate corollary is

Corollary 2.2. The geometric realisation functor || : ∆ → Top extends uniquely to the category of
simplicial sets and has a right adjoint

Sing : Top→ SSet

X 7→ ([n] 7→ homTop(∆n, X))

This is exactly the set of singular n-simplices used in the definition of singular homology!
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Last week we saw the definition of the simplicial mapping space

S(X,Y )n = [n] 7→ S(X ×∆[n], Y )

since Pol van Hoften didn’t quite have enough time last time we’ll proof the following proposition.

Proposition 2.3. There is a natural isomorphism of sets

S(X,S(Y,Z)) ∼= S(Y ×X,Z)

Proof. This proof works for every (small) category C, not just ∆. We will first need a proposition which
will be proven in the next lecture:

Lemma 2.4. Let X be a simplicial set, then X is isomorphic to a colimit of representable functors. That
means that there is a diagram category J and a functor B → S such that B(j) is representable for all j
and such that X is isomorphic to the colimit of B.

Now let X,Y, Z be simplicial sets and assume for the moment that X is representable, so X = ∆[n] for
some n. Then the following holds

S(X,S(Y,Z) ∼= S(∆[n],S(Y,Z))
∼= S(Y ×∆[n], Z) (Yoneda)
∼= S(Y ×X,Z).

So the theorem holds for representable X. The second observation is that both S(−, A) and S(−×B,A)
preserve colimits (proof as an exercise) so now we can write X as colimit of representables and then:

S(X,S(Y,Z)) ∼= S( lim←−
∆[n]→X

∆[n],S(Y,Z))

∼= lim−→
∆[n]→X

S(∆[n],S(Y,Z))

∼= lim−→
∆[n]→X

S(Y ×∆[n], Z) (Yoneda)

∼= S( lim←−
∆[n]→X

(Y ×∆[n]) , Z)

∼= S(Y × lim←−
∆[n]→X

∆[n], Z)

∼= S(Y ×X,Z)
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Homotopy groups of Simplicial sets

In this section following [Unk10], we define homotopy in the abstract setting of simplicial sets. In contrast
to the topological space it is not in general the case that homotopy is an equivalence relation. However,
simplicial sets satisfying the ’Kan extension condition’ admit such an equivalence relation. Recall that a
subsimplicial set is just a subfunctor. Let j0, j1 : ∆[0]→ ∆[1] be the standard inclusions.
Definition 2.5. Let f, g : X → Y be maps of simplicial sets. We say f is homotopic to g if there is a
simplicial map H : X ×∆[1] → Y with H(x, j0(∆[0])) = f(x) and H(x, j1(∆[0])) = g(x), in which case
we write f ∼H g. If A ⊂ X is a subsimplicial set, then we write f ∼H g(relA) if H is constant on A.
Caution 2.6. The homotopy ’relation’ is not in general symmetric or transitive.
Definition 2.7. The horns Λi[n] are the subfunctors of ∆[n] generated by the inclusions j0, ..., ji−1, ji+1, jn →
∆[n− 1]→ ∆[n]. This is called an outer horn if i = 0 or i = n. Otherwise it is an inner horn.
Definition 2.8. A simplicial set X satisfies the Kan extension condition if any map of simplicial sets
f : Λi[n]→ X extends to a map of simplicial sets g : ∆[n]→ X. That is the dashed arrow in the diagram
below exists

Λi[n] X

∆[n]

It is usually easier to think of simplicial sets, especially ∆[n] as their realisations ∆n. So for instance I
write [0, 1] I mean the line between the vertex 0 and 1 but more correctly it is the inclusion of ∆[1] into
∆[2] that corresponds to the map [1]→ [2] that is given as 0 7→ 0 and 1 7→ 1.
Example 2.9. Note that ∆[1] does not satisfy this condition. Let f : Λ2

0 → ∆[1]1 be defined by
f([0, 1]) = [0, 1] and f([0, 2]) = [0, 0]. Since f([1]) = [1] and f([2]) = [0], we cannot extend f , since
f([1, 2]) is forced to be [1, 0], which is not an element of ∆[1].2

Example 2.10. Let Y be a topological space then its singular set SingY satisfies the Kan extension
condition. Let f : Λ[n]k → SingY be a map of simplicial sets. By corollary 2.2, there is a corresponding
continuous f ′ : |Λk[n]| → Y . There is a continuous map r : |∆[n]| → |Λk[n] which retracts the kth face
and interior onto the remaining faces. Thus, f ′ ◦ r : |∆[n]| → Y is a continuous map which, again by
Corollary 2.2, gives the required extension g : ∆[n]→ SingY .

The following property that the Kan extension condition also works when Λi[n] appears in a product will
be used to show that that homotopy relation is an equivalence relation.
Lemma 2.11. If X and Y are simplicial sets, and Y satisfies the Kan extension condition, then a map
of simplicial sets f : X × Λi[n]→ Y can be extended to G : X ×∆[n]→ Y .

Sketch. This amounts to repeated application of the Kan extension condition. See exercise.

Lemma 2.12. If X and Y are simplicial sets, and Y satisfies the Kan extension condition, then the
homotopy relation is an equivalence relation on maps of simplicial sets X → Y .

1So n=2; this is not a mistake.
2Note the important fact that is played by orientation. I was first confused since I thought you could just take f to be

the degeneracy map from the filled triangle ∆[2] to one of its boundary edges ∆[1]. But this ignores the orientation: a priori
there are six such boundary maps by collapsing one edge and mapping the other edge on the third one, but only three respect
the orientation and are therefor proper maps of simplicial sets.
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Proof. For the following, let f, g, h : X → Y be maps of simplicial sets. We will proceed by checking each
axiom.

• (Reflexivity) Let F : X × ∆[1] → Y be defined by F = f ◦ π1, where π1 : X × ∆[1] → X is a
projection. Thus F is a homotopy, and f ∼F f .

• (Symmetry) Assume there is a homotopy F from f to g. Then, we may define F0 : X × Λ2[1]→ Y
to be F0(x, [0, 1]) = F (x,∆[1]), F (x, [0, 2]) = f(x). By the Kan extension condition there is an
extension F1 : X ×∆[2]→ Y . Restrict F1 to [1, 2] to obtain F2 a homotopy from g to f .

• (Transitivity) Assume that F is a homotopy from f to g and that G is a homotopy from g to h.
Define H0 : X × Λ2[1] to be H0(x, [0, 1]) = F (x,∆[1]) and H0(x, [1, 2]) = F (x,∆[1]). By the Kan
extension condition there exists a map H1 : X ×∆[2]; restricting H1 to [1, 2] we obtain a homotopy
H between f and h.

Remark 2.13. Let X be a simplicial set, and let x0, x1 be two zero simplices. If there is a 1-simplex
x ∈ X1 such that d0x = x0 and d1x = x1 we’ll say x1 and x0 are path connected. Being connected by a
path is neither symmetric or transitive, but we may anyhow consider the equivalence relation generated
by the path relation. We call the set of path components π0(X). We’ll see the definition of the higher
homotopy groups later.

The Pointed Case

Recall that the category of pointed set Set∗ is the category with objects sets with a distinguished point
and morphisms send distinguished points to distinguished points.
Definition 2.14. A pointed simplicial set X is a functor

X : ∆→ Set∗

All the usual definitions carry over to the pointed case.
Definition 2.15. If X and Y are pointed sets then we can form their wedge

X ∨ Y

and their smash
X ∧ Y = X/X ∨ Y

These constructions simply carry over to the simplicial case.
Example 2.16. The suspension of X ∈ sSet∗ is S1 ∧X. We now define the higher spheres by

Sn = S1 ∧ Sn−1

We also have a pointed mapping space

S∗(X,Y )n = {pointed simplicial mapsX ∧∆[n]→ Y }

If f0, f1 ∈ S∗(X,Y )n a pointed homotopy between them is a path in S∗(X,Y )n.
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Remark 2.17. I can now define higher homotopy groups, although I won’t be able to explain why it
works. Let

πqX = π0S∗(S
q, X)

Homology

Let G be a simplicial abelian group. That is a simplicial object in Ab, or equivalently each Gn is an
abelian group, and there are homomorphisms di : Gn → Gn and sj : Gn → Gn+1 which satisfy the
identities for simplicial objects. Any simplicial abelian group gives rise to a chain complex, called the
Moore complex, with the boundary operator δn : Gn → Gn−1 defined by

δn =
n∑

i=0

(−1)idi

It is straightforward to verify that δ2 = 0

δ2x =

n−1∑
i=0

((−1)idi

n∑
j=0

dj) =

n−1∑
i=0

n∑
j=0

(−1)i+jdidjx = 0

by using the identity didj = dj−1di for i < j. We define the homology groups of this chain complex to be
Hn(G) = Kerδn/Imδn+ 1. Let Z : Set→ Ab be the functor which takes sets and gives the free abelian
groups on those sets. Then, if X is a simplicial set, Z(X) is a simplicial free abelian group.
Definition 2.18. The homology groups Hn(X) of a simplicial set X are the homology groups Hn(Z(X))
using the induced boundary operator.
Example 2.19. For a topological space Y , it is clear that the homology groups Hn(SingY ) are the
singular homology groups of Y from algebraic topology.

Clearly homology and simplicial abelian groups are intricately related. Next week we’ll see the Dold-Kan
theorem:

LetX be a simplicial abelian group. Then Cnorm
q = dq−1

i=0 Ker{di : Xq → Xq−1} and boundary maps
given by the remaining face maps.
Theorem 1. (Dold-Kan) The normalized chain complex gives an equivalence of categories

Cnorm : sAb→ Ch≥0

Exercises

Hand in exercise 3 and 5.

1. Consider the ∆2 ⊂ R3. How many face degeneracy maps are there ∆2 → ∆1 considered without
orientation? And with orientation?
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2. Pick a morphism in ∆. Use the method on page 11 of the book to factor the morphism and convince
yourself that it all works outl

3. (Exercise 2.1.5) Ket k ≥ 0. Show that ∆[0]k = ∆[0, k] has one element and that ∆[1]k = ∆([k], [1])
has k + 2 elements. Show that the two maps [0]→ [1] ∈ ∆ induce injection ∆[0]∆[1], and that the
union of their images form a simplical subset δ∆[1] ⊂ ∆[1] with two implices in every dimension.
How many k − simplices does he (simplicial) circle S1 = ∆[1]/δ∆[1] have?

4. (Exercise 2.1.6) Show that there are
(
n
k

)
injective order preserving functions [k] → [n]. These are

called ’nondegenerate’ simplices in ∆[n].

5. (Exercise 5.0.6) Prove that π0S∗(S
1, S1) ∼= S0 whereas π0S∗(S

1, Sing|S1|) ∼= π1(S1) ∼= Z

6. Prove S(−, A) and S(−×B,A) preserve colimits.

7. Prove: If X and Y are simplicial sets, and Y satisfies the Kan extension condition, then a map of
simplicial sets f : X × Λi[n]→ Y can be extended to G : X ×∆[n]→ Y .

8. Prove Sn+m = Sn ∧ Sm in Top

9. Prove S0 ∧X ∼= X

References

[Mat11a] Akhil Mathew. Simplicial Sets 1, 2011. https://amathew.wordpress.com/2011/04/16/

simplicial-sets-i/ , accessed on 06-08-2015.

[Mat11b] Akhil Mathew. Simplicial Sets 2: Geometric Realisation, 2011. https://amathew.wordpress.
com/2011/05/03/simplicial-sets-ii-geometric-realization/, accessed on 06-08-2015.

[Unk10] Unknown. Notes on Simplicial sets, 2010. http://ocw.mit.edu/courses/mathematics/

18-904-seminar-in-topology-spring-2011/final-paper/MIT18_904S11_finlSmplicial.

pdf , accessed on 01-09-2015.

8

https://amathew.wordpress.com/2011/04/16/simplicial-sets-i/
https://amathew.wordpress.com/2011/04/16/simplicial-sets-i/
https://amathew.wordpress.com/2011/05/03/simplicial-sets-ii-geometric-realization/
https://amathew.wordpress.com/2011/05/03/simplicial-sets-ii-geometric-realization/
http://ocw.mit.edu/courses/mathematics/18-904-seminar-in-topology-spring-2011/final-paper/MIT18_904S11_finlSmplicial.pdf
http://ocw.mit.edu/courses/mathematics/18-904-seminar-in-topology-spring-2011/final-paper/MIT18_904S11_finlSmplicial.pdf
http://ocw.mit.edu/courses/mathematics/18-904-seminar-in-topology-spring-2011/final-paper/MIT18_904S11_finlSmplicial.pdf

	Properties of simplicial sets
	Geometric Realisation

