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1 Preliminaries

In this talk we will begin by reviewing the local projective and then giving the definition of A1-local model category
which its homotopy category is “the” motivic homotopy category. Then we will try to describe a bit the fibrant
and cofibrant objects of that new model category. The “the” is in quotes because there is a multitude of model
categories that gives rise to the same homotopy theory of schemes smooth, separated of finite type over a field
etc. The propaganda is that having many model categories gives a “flexibility”. Some model categories enjoy the
property that all objects are cofibrant and an easy way to determine the cofibrations but fibrations are not so
straightforward. Other model categories have more fibrant objects and less cofibrants etc the list goes on. I will
stick to the motivic category that rises from local projective model structure. This is different from the model
category introduced in [MV].
Andre introduced the local projective/injective model structures. This model structure lacks one important prop-
erty that we wanted from the beginning, namely that Spec(k[x]) = A1 being contractible. To achieve that we must
add more weak equivalences one more time (Bousfield localization). If time allows i will introduce the notion of
points which are just an abbreviation of points in a topos, neighborhoods of points which illustrate the similarities
and differences between the Zariski, Étale and Nis. topologies more clearly and another notions of local weak
equivalence the stalkwise equivalence.

So the first thing i would like to remind you the definitions of the projective model structure and the local
projective. So given a small category C we can equip the functor category Fun(C, sSet) by defining weak equiv-
alences(fibrations) to be weak equivalences(fibrations) of simplicial sets F (c) → G(c). The cofibrations are called
projective cofibrations and they are defind by the LLP w.r.t we∩fib. The local projective model structure is defined
by weak equivalences to be the local weak equivalences, cofibrations the projective cofibrations and fibrations those
that have the RLP w.r.t. loc.we. ∩ cof.

The second thing that i would like to address is given a site S = (C, τ) the equivalence of model categories
between (sShvτ (C), loc.proj.) and (sPre(C), loc.proj) and the same for the injective. Roughly the reason is that by
the very definition local projective weak equivalences of simplicial sheaves are the underlying local projective weak
eq. of simplicial presheaves and the fibrations are the local projective fibrations of the underlying presheaves. Then
by the adjunction

Pre(C)
a // Shvτ (C)
ι

oo

induces and adjunction

(sPre(C), loc.proj.)
a // (sShvτ (C), loc.proj.)
ι

oo
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and by noticing that right adjoints preserve fibrations and acyclic fibrations. The only non trivial statement is that
f : a(X) → Y is an weak equivalence if and only if f [ : X → ι(Y). is w.e. But if we introduce the topos theoretic
viewpoint it becomes trivial. Note also that by [Dugger] there is an embedding Shv(C) ↪→ Ho(sPre(C)) See [Jardine,
Blander]

Andrea introduced the local projective model structure and we know from his lecture that that all representable
simplicial (pre)sheaves are fibrant and cofibrant for the local projective model structure. We can actually charac-
terize the fibrant objects.

Lemma 1.1. Let F ∈ sPreNis(Sm/k). Then F is fibrant for the local projective model structure if and only if the
following properties hold

1. F (∅) = ∗

2. For every U ∈ Sm/k the simplicial set F (U) is fibrant i.e. the morphism F (U) → ∗ has the RLP w.r.t.
Λk[n] ↪→ ∆[n], 0 ≤ k ≤ n > 0

3. For every elementary distinguished square in Sm/k meaning a pullback square in

P

��

// Y

φ

��

U
i
// Z

with i open embedding, φ étale and φ−1(Z − U)→ Z − U is an isomorphism in the reduced structure,

the corresponding diagram in sSet

F (Z)

��

// F (Y )

��

F (U) // F (P )

is a homotopy pullback.

Proof. Omitted see [Blander Lemma 4.01]

Remark 1. This is a particular kind of of homotopy limit that we discussed in my talk last time. It is the same
thing as computing the pullback of the diagram after choosing a fibrant replacement. It also means that it is
commuting not on the nose but up to homotopy. So this might not be a sheaf proper in the Nisnenich topology as
we defined it in previous lectures. This justifies the term that Dugger and Dundas use as a fibrant object in the
local projective as “a sheaf up to homotopy”

This above property that characterizes local projective fibrant (pre)sheaves is a fundamental property has many
synonyms used by various authors (with slight variations) including Nisnevich descent, flasque or Brown-Gersten
property. Now that we have the definition of locally fibrant we define the the A1-local object and A1-local weak
equivalence as prerequisites for our main character.

Remark 2. Recall that a simplicial model category is category such that the hom sets are enriched over sSet
and satysfying many other properties. For X,Y simplical presheaves denote the simplicial set Map(X,Y ) with
n-simplices

Map(X,Y )n ∼= Hom(∆[n]⊗X,Y ) = HomsSet(∆[n],Map(X,Y ))
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Definition 1.1. Let X ∈ sPreNis(Sm/k). Then X is called A1-local or A1-fibrant if it is (locally projective) fibrant
and X(A1 × ·)→ X(·) is a weak equivalence of simplicial sets.

A morphism f : X → Y ∈ sPreNis(Sm/k) is called A1-(local weak) equivalence if for all A1 local Z the map
(Qf)∗ : Map(QY,Z) → Map(QX,Z) is an weak equivalence of simplicial sets where Q is the cofibrant replacement
functor.

Note that since every U ∈ Sm/k defines the constant simplicial (pre)sheaf rU• we have that the simplicial set is
X(U) = Map(rU•,X) So now we have the model structure on sPreNis(Sm/k) or sShvNis(Sm/k) with the following
classes of morphisms.

• we = A1-local weak equivalences

• cof = local projective cofibrations(which are just projective cofibrations i.e. LLP property wrt acyclicic
projective fibrations.)

Note though that the sublety of the existence of this model structure lies on the details of the existence of the
Bousfield localization with respect certain set of maps. As we see above we defined X(A1 × ·) → X(·) to be weak
equivalence. So for every U ∈ Sm/k we have X(A1 × U) ∼= Map(rU•,X)→ X(U) ∼= Map(rU•,X). So the set which
we do Bousfield locaziation is the set of morphisms {rU• → rU• × A1}U∈Sm/k

So the final definition of the motivic homotopy category is by inverting A1-local weak equivalences and we
denote

H(k) := Ho(sPre(Sm/k)nis)

the homotopy category which is equivalent to the category Ho(sShv(Sm/k)Nis)
Correspondingly we have the following commutative diagram

(sPre(Sm/k), loc, proj)
α //

id

��

(sShv(Sm/k)loc, proj)
ι
oo

��

(sPre(Sm/k), loc.inj)

id

OO

// (sShv(Sm/k)loc, inj)oo

OO

Lemma 1.2. For every X ∈ Sm/k the corresponding object rX• e.g. the simplicial sheaf represented by X in
sPre(Sm/kNis) is cofibrant for the A1-local

Proof. Since every X ∈ Sm/k is cofibrant (in the local projective) and the A1-local cofibrations are the by definition
the local projective cofibrations the claim follows.

So for every X ∈ Sm/k the constant simplicial presheaf is a cofibrant object. Of course these are not the only
ones. It is in contrast to the model category of [MV] where all objects are cofibrant. So lets try to see what are the
fibrant objects in our model category.

Lemma 1.3. Let X a simplicial presheaf. Then X is fibrant of the A1-local if and only if it is fibrant for the local
projective model structure and homotopy invariant in the sense X(g) : X(U × A1) → X(U) is an weak equivalence
of simplicial sets.

Proof. By a general property of Bousfield localizations see [Severitt pp 33] the A1-local fibrant objects are exactly
the A1-local objects. Hence X is fibrant (A1 local) if and only if it is local projective fibrant and

g∗ : Map(U × A1,X)→ Map(U,X)

is weak equivalence of simplicial sets. But since rU• are representable, by Yoneda lemma we get that Map(rU• ×
A1,X) ∼= X(U × A1) and similarly Map(rU•,X) ∼= X(U) so we have a commutative diagram and by the 2 out of 3
property g∗ is w.e. if and only if X(g) is w.e.
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Map(U × A1,X) //

g∗

��

X(U × A1)

X(g)

��

Map(U,X) // X(U)

This is a very nice result but unfortunately we do not have an actual explicit process of fibrant replacement
functor. There is though the Quillen’s Ex∞ but we havent talk about it. But we can be a little more specific about
the fibrant objects as we will see in the next section without still being constructive.

2 A1-rigid schemes

Definition 2.1. Let X ∈ Sm/k X is called A1-rigid if

HomSch(U × A1, X)→ HomSch(U,X)

is bijective for all U ∈ Sm/k

Lemma 2.1. Let X ∈ Sm/k. Then X is A1-rigid scheme if and only if rX• is fibrant for the A1-local model
structure.

Proof. to be fixed

Example 2.1. Gm is A1 rigid, P1 is not.

Theorem 2.2. The full subcategory of A1-rigid schemes in Sm/k embeds fully faithfully via h into the motivic
homotopy category H(k) Especially

h(X) ∼= h(Y ) ∈ H(k)⇔ X ∼= Y ∈ Sm/k

for X and Y A1-rigid schemes.

Proof.

As you can probably guess computing homotopy sets

HomH(k)(X,Y) = [X,Y]A1

is very difficult. But Whitehead’s theorem provides a way. Recall what we did in (simplicial)model categories.
Given two objects X,Y ∈M to define the homotopy classes e.g. the set of morphism in Ho(M) by choosing first a
cofibrant replacement of X and a fibrant replacement of Y and then

HomHo(M)(X,Y ) ∼= Hom(Xc, Yf ) ∼= π(Xc, Yf ) = π0(Map(X,Y )) = HomM(X,Y )/ ∼

This is one of the reasons that it is good to have many model structures that vary the cofibrant and fibrant objects.
Of course they might not coincide for different model structures but since we are various model categories which
homotopy categories are equivalent this is just as good. In the few cases that this set can computed and X is affine
variety the set of homotopy classes of maps coincides with the set of naive A1-homotopy classes of morphisms from
X to Y.
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Recall that given two morphisms between smooth k-varieties f, g : X → Y we call them naively A1-homotopic
if there is a morphism h : X × A1 → Y such that h0 = f, h1 = g where hi is the restriction to X × {i} ⊂ X × A1

for i a rational point in A1. Denote π(X,Y ) the quotient of Homk−V ar(X,Y ) under this equivalence relation and
π0(X) = π(Spec(k), X) This is a quotient of the set X(k) of rational points of X and it is not equal to the connected
components as is in standard algebraic topology and it could empty.

Remark 3. For a smooth k-scheme Y to have the property of being A1-rigid means two things. First that the
corresponding simplcial (pre)sheaf is fibrant in the A1-local model structure and second that given a naive homotopy
between two morphisms H : X × A1 → Y then these two morphisms must be identical. Nevertheless we have the
following examples of calculations of naive homotopy sets

Example 2.2.

π0(Gm) = π(Spec(k),Gm) = k∗

π0(P1) = π(Spec(k),P1) = π(Spec(k),An \ {0}) = ∗ for n ≥ 2

π(Gm,Gm) = k∗ × Z

Conjecture(Not mine) if X is a smooth k-variety then the natural map

X(k)→ HomH(k)(Spec(k), X)

is surjective and identifies the right hand side with the quotient of the setX(k) of k-rational points by the equivalence
relation

x ∼ y ⇔ ∃h : A1 → X| h(0) = x, h(1) = y.

This is true if X is A1-rigid as we discussed above. Other examples of rigid schemes are curves of genus > 0,
abelian varieties, products of those, sub-schemes of those . We can also prove the following.

Example 2.3. Let f : P1 → P1 the morphism given by [x, y] 7→ [u2x, y]. Since u2 6= 0 we have [u2x, y] = [ux, u−1y].
We can write this morphism as the action for matrix(

u 0
0 u−1

)
on [x, y]. The matrix (

u 0
0 u−1

)
∈ SL(2, k)

and as such it can be written as a product of matrices of the form(
1 λ
0 1

)
but each one of such matrices are homotopic to the identity by linear homotopy in λ

3 An important property

The following theorem leads to an important propositions which has applications.

Theorem 3.1. Let X and Y be A1-local fibrant presheaves. If X → Y is a A1-local weak equivalence then it is an
objectwise weak equivalence i.e. X(U)→ Y(U) is weak equivalence of simplicial sets.
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Proof. Let f be an A1 local weak equivalence. From Andreas notes we have that every U ∈ Sm/k its image in
our model category is A1-local cofibrant and from the previous exercise of Andrea we have that Map(U, ·) is a
right Quillen functor and so it preserves w.e. between fibrant objects. So f∗ : Map(U,X) → Map(U,Y) is a weak
equivalence for all U ∈ Sm/k. But from the simplicial Yoneda we have that Map(U,X) = X(U) and similarly. So
it follows taht f(U) : X(U)→ Y(U) is w.e. in sSet

This theorem implies the following

Corollary 3.1.1. Let X and Y simplicial presheaves such that aNis(X)→ aNis(Y) is a local weak equivalence. Then

π0(X(U))→ HomH(k)(U, anisX)

is a bijection.

Proof. (Sketch) Choose a fibrant resolution aNis(X)f and apply what we know to compute HomH(k)(U, aNis(X) as
π0(aNis(X)f (U)) and using the above theorem.

Also modulo some technical details in the pointed sShvNis,•(Sm/k) we can get

πn(X(U))→ HomH(k),•(U+ ∧ Sn, anisX)

For more about this see [Dugger , Thomason]

4 Stalkwise equivalence

Concerning the local weak equivalences in practice it could be difficult to verify if a morphism of simplcial
(pre)sheaves are locally weakly equivalent. Thats why Jardine introduced the notion of stalkwise equivalence which
is equivalent to what Andrea defined as local weak equivalence that is very roughly defined by “local” homotopy
groups which are sheaves of groups

Definition 4.1. Let X ∈ Sch/Sτ . A τ -point in Sch/Sis given by morphism x : Spec(K) → X depending on the
topology. That is for

• If τ =étale K is a separated (extension) closed field

• if τ =Zariski or Nis. K = κ(x) = OX,x/mx

This is really an abuse of the notion of points in a topos. We continue with the definition of neighborhoods.

Definition 4.2. Let x : Spec(K)→ X a τ -point in Sch/S. The category Neighxτ of neighborhoods of x is

1. The category of pairs (f : U → X, y : Spec(K) → U) with f an étale morphism with U irreducible and y a
τ -point of U with the same field K which lifts x in case τ is étale of Nis.

2. The category of open subsets of X, Op(X) which contain x in case we have the Zariski topology.

Definition 4.3. Let x : Spec(K)→ X be a τ -point in V

1. for any presheaf F the stalk of F at is the set

Fx = colim(U→X,y)∈NeibxτF (U)

2. the stalk funtctor associated to x is the functor Pre(V )→ Set, F 7→ Fx
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Example 4.1. The stalk of the functor Hom(·,A1) ∈ Pre(Sch/k) at x is

1. The strict henselization Osh
X,x of the local ring OX,x in X if τ =étale

2. The henselization Oh
X,x of the local ring OX,x in the case τ =Nis

3. The local ring OX,x if τ =Zariski

You are invited to read through [Milne pp 31-37] for the basic definitions of Henselizations.

Theorem 4.1. Given a presheaf F : Pre(C) and denote the sheafifivation w.r.t. the topology τ denoted by aτ (F ).
Then the canonical map Fx → (aτF )x is a bijection. Moreover the fiber functors form a conservative set of functors
in the sense that a morphism in Shv(C) is an isomorphism(mono, epi) if and only if its fibers are bijections (injective,
surjective).

For a proof see [SGA1]. This is similar in what we do in Algebraic geometry in sheaves of groups where a
morphism of sheaves φ : F → G is such and such if and only if φp is so and so.

Theorem 4.2. • For any closed point x ∈ X with residue field L the sheaf X/X − {x} is isomorphic to the
sheaf AnL/(AnL − {0}) with n = dimx(X)

• For any closed point x ∈ X with residue field L the henselian ring Oh
X,x is isomorphic to the local henselian

ring Oh
AnL,0

5 Exercise

After reading section 3 of the notes do the following exercise. Equip the set sPreNis(Sm/k) with the A1-local projec-
tive model structure and for a fixed X ∈ Sm/k define the functor between model categores ΓX : sPreNis(Sm/k)→
sSet,F 7→ F(X). Show that it has a total right derived functor RΓX . Hint: You might want to refresh the existence
theorem of derived functors.
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