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The aim of this lecture is to give an overview of the process that allows us to do
Homotopy Theory on smooth schemes of finite type over a field. Unfortunately, this
path is full of technical details which would require a long time to be fully understood.
Therefore, the exposition is rather quick and poor in proofs, trying, on the other hand,
to provide a global view of the construction, without any ambition of exhaustivity.

1 Setting
Our aim is to develop a Homotopy Theory on the category Sm/k of smooth schemes of
finite type over a field k, by means of model categories. Unfortunately, such a category is
far from being bicomplete, which is a basic requirement for a model category. One solution
is to embed Sm/k into the category of presheaves Pre(Sm/k) = Fun((Sm/k)op, Set)
via the Yoneda embedding, i.e. X 7→ X := hom(−, X). Now, as we saw with Joost in
the previous lecture, if, instead of Set-valued presheaves, we consider presheaves with
values in a cofibrantly generated model category, we get a cofibrantly generated model
structure on the category of such presheaves. Our choice is to consider SSet-valued
presheaves, i.e. “simplicial presheaves”; this choice will give rise to an enriched model
structure, as we will see. Thus, we, once again, embed Pre(Sm/k) into SPre(Sm/k) =
Fun((Sm/k)op, SSet) = BiFun((Sm/k)op ×∆op, Set) = Fun(∆op,Pre(Sm/k)), mapping
a presheaf P to the constant functor ∆op → Pre(Sm/k) valued P .

By the way, we are concerned with some geometric properties, that we would like to
be preserved under the embedding just described. One of these is that we would like
“categorical unions”, i.e. push-out diagrams of the form:

U ∩ V U

V U ∪ V
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to remain push-outs after the embedding, which is not true in general. What we can do is
restrict our attention to the subcategory of simplicial sheaves, for a suitable Grothendieck
topology (this is still a bicomplete category and the model structure that we have on
simplicial presheaves will restrict to it, without loss of properties). Of course, the first
prerequisite of the topology that we choose is that Sm/k shall be contained in the
category of (simplicial) sheaves, or, in other words, that the Yoneda embedding shall
factor through that category. The Grothendieck topologies satisfying this requirement
are called “subcanonical”; it means that every representable presheaf is actually a sheaf.
Here is where the Nisnevich topology, that we introduced two weeks ago, reveals to be
the right one. Thus, our final environment will be the category of simplicial sheaves
on the smooth Nisnevich site SShv((Sm/k)Nis) = Fun(∆op, Shv((Sm/k)Nis)),1 where
Shv((Sm/k)Nis) is the category of Set-valued sheaves on the smooth Nisnevich site.

Pre(Sm/k) SPre(Sm/k)

Sm/k

Shv((Sm/k)Nis) SShv((Sm/k)Nis).

2 Good properties of the Nisnevich topology
Recall, from the 8th lecture:

Definition 2.1. A set of morphisms { fi : Xi → X }i∈I in Sm/k is a Nisnevich covering if
∀i ∈ I fi is étale and for every field extension k ⊆ L the induced map

⊔
i∈I Xi(L)→ X(L)

on the L-valued points is surjective.

Proposition 2.2. The Nisnevich topology is “generated” by upper distinguished squares
(uds), i.e. pull-back squares in Sm/k:

U ×X V V

U X,

p

i

such that i is an open embedding, p is étale and:

p �p−1(X\i(U)) : p−1(X \ i(U))→ X \ i(U)

is an isomorphism of reduced schemes.
1objects of this category can be regarded as SSet-valued sheaves on (Sm/k)Nis, as the sheaf condition

for a SSet-valued presheaf can be checked pointwise.

2



Corollary 2.3. A presheaf on the smooth Nisnevich site of k is a sheaf if and only if it
maps every upper distinguished square to a pull-back square of sets and the empty scheme
to the set consisting of one point.

The following fact ensures the basic requirement that we need from our choice of the
topology on Sm/k:

Fact 2.4. The Nisnevich topology is subcanonical.2

Proposition 2.5. Every uds is a pushout in Sm/k.

Proof. Use that, for every Z ∈ Ob(Sm/k), F := hom(−, Z) is a sheaf by (2.4). Then
apply F to the uds concerned and use (2.3), together with the explicit description of the
pull-back of sets.

Proposition 2.6. Every uds is a push-out in Shv((Sm/k)Nis) and in SShv((Sm/k)Nis).
In particular, using the notation of (2.2), we have V /(U ×X V ) ∼= X/U in Shv((Sm/k)Nis)
and in SShv((Sm/k)Nis).

Since categorical unions are particular uds’s, this ensures the other requirement on
the topology.

Proof. We will prove the statement for Shv((Sm/k)Nis); the case of SShv((Sm/k)Nis)
follows by the fact that limits in SSet can be computed pointwise.

Let
U ×X V V

U X,

pr2

pr1 p

i

be a uds, view it in Shv((Sm/k)Nis):

U ×X V = hom(−, U ×X V ) hom(−, V ) = V

U = hom(−, U) hom(−, X) = X

pr2

pr1 p

i

(∗)

and let F ∈ Ob(Shv((Sm/k)Nis)). By (2.3), the diagram:

F (X) F (V )

F (U) F (U ×X V )

F (p)

F (i) F (pr2)

F (pr1)

2This follows from the fact that finer topologies are already subcanonical, as proved by Grothendieck
for the fpqc topology; we will not get into the details of this.
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is a pull-back in Set. Applying the Yoneda lemma, we get that the diagram:

Nat(X,F ) Nat(V , F )

Nat(U,F ) Nat(U ×X V , F )

p∗

i
∗ pr2∗

pr1∗

is a pull-back in Set, i.e.:

Nat(X,F ) =
{

(ϕ,ψ) ∈ Nat(U,F )×Nat(V , F )
∣∣∣ ϕ ◦ pr1 = ψ ◦ pr2

}
,

i.e. (∗) is a push-out.
Consider now the diagram:

U ×X V U ∗

V X X/U,

where ∗ is the terminal object of Shv((Sm/k)Nis), i.e. Spec(k). Here the left square is a
push-out by what we just proved, while the right square is a push-out by definition of
quotient. Hence the whole rectangle is a push-out, i.e. X/U ∼= V /(U ×X V ).

3 Simplicial model categories
There is a central feature of the model categories we will work with, namely, they are
“simplicial”. Therefore, it is worth spending a few words about this notion.

Definition 3.1. A model category C is called a simplicial model category if there are
functors:

• Map(−,−) : Cop × C → SSet (“mapping space”),

• − ⊗− : SSet× C → C (“product”)

such that:

a) (L × K) ⊗ X ∼= L ⊗ (K ⊗ X) ∀L,K ∈ Ob(SSet), X ∈ Ob(C), in a natural way
(“associativity of the product”),

b) ∆[0]⊗X ∼= X ∀X ∈ Ob(C) (“unity”),

c) −⊗X : SSet� C : Map(X,−) is an adjoint pair ∀X ∈ Ob(C),

d) ∀K ∈ Ob(SSet) the functor K ⊗ − : C → C has a right adjoint (−)K : C → C
(“power”),
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e) For every cofibration j : A → B and every fibration q : X ∈ Y in C the map
Map(B,X) (j∗,q∗)−−−−→ Map(A,X)×Map(A,Y ) Map(B, Y ), obtained from:

Map(B,X)

Map(A,X)×Map(A,Y ) Map(B, Y ) Map(B, Y )

Map(A,X) Map(A, Y ),

q∗

j∗

(j∗,q∗)

j∗

q∗

is a fibration in SSet and if either j or q is a weak equivalence, then so is (j∗, q∗).

Remark 3.2. For every X,Y ∈ Ob(C), we have:

Map(X,Y )n
∼= homSSet(∆[n],Map(X,Y )) ∼= homC(∆[n]⊗X,Y ),

the first isomorphism due to Yoneda lemma and the second to (c)).

Example 3.3. The category SSet of simplicial sets, together with its usual model
structure, is a simplicial model category, with:

• X ⊗ Y := X × Y ,

• Map(X,Y ) := S(X,Y ),

• (−)K := S(K,−).3

3.1 Properties

1. For every Y ∈ Ob(C) there is an adjoint pair:

Map(−, Y ) : C � SSetop : Y (−).

This is because ∀X ∈ Ob(C),K ∈ Ob(SSet):

homC(X,Y K) ∼= homC(K ⊗X,Y ) ∼= homSSet(K,Map(X,Y )),

the first isomorphism due to (d)) and the second to (c)).

2. For every simplicial set K, every X ∈ Ob(C) cofibrant and every Y ∈ Ob(C) fibrant
there are Quillen functors:

a) K ⊗− : C � C : (−)K ;
3Recall that we defined S(X, Y ) using the property of (3.2) and we proved (c)) in the first week.

Property (d)) is equivalent to (c)), as × is symmetric in SSet. For the check of (e)) see [2, I,11.5].
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b) −⊗X : SSet� C : Map(X,−);
c) Map(−, Y ) : C � SSetop : Y (−).

For the first one see [2, II,3.12] and use that every simplicial set is cofibrant. The
other two are left for exercise.

3. For every X ∈ Ob(C) cofibrant, Y ∈ Ob(C) fibrant, two maps f, g : X → Y are
homotopic if and only if there is a “simplicial homotopy” H : ∆[1]⊗X → Y .
A short explanation of this property is the following. When X is cofibrant, ∆[1]⊗X
is a cylinder object for X (cf [2, II,3.5]):

X tX ∼= (∆[0]⊗X) t (∆[0]⊗X) ∆[0]⊗X ∼= X

∆[1]⊗X .

∇

(i0⊗id)t(i1⊗id) 1⊗id

Then, when X is cofibrant and Y is fibrant, left and right homotopy coincide, do not
depend on the choice of the cylinder/path object and give an equivalence relation
on homC(X,Y ) (cf [3, 1.2.6]). A simplicial homotopy is just a left homotopy on
the cylinder object ∆[1]⊗X for X.

3.2 Main example

Recall, from last lecture:

Theorem 3.4. Let C be a small category (e.g. Sm/k). There are two cofibrantly
generated model structures on Fun(Cop, SSet) = SPre(C), namely:

• the projective model structure, whose weak equivalences are objectwise weak equiva-
lences and whose fibrations are objectwise fibrations of SSet;

• the injective model structure, whose weak equivalences are objectwise weak equiva-
lences and whose cofibrations are objectwise cofibrations of SSet.

It turns out that these model structures make SPre(C) a simplicial model category.
We will not prove this fact, but still it is useful to see what the simplicial structure is, in
this case (it is the same for both the projective and the injective model structure).

• For K ∈ Ob(SSet), let K̂ be the constant presheaf K̂ : Cop → SSet valued K.
Then, for X a simplicial presheaf on C, K ⊗X := K̂ ×X gives the product functor
on SPre(C).

• For X a simplicial presheaf on C, U ∈ Ob(C), let (C ↓ U) be the category whose
objects are morphisms (T → U) of C and whose morphisms are commutative
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diagrams:
T1 T2

U

of C. Then:
X �U : (C ↓ U)op → Cop X−→ SSet,

where the first functor is just forgetting the morphism to U , is a simplicial presheaf
on (C ↓ U).

• Now, for X,Y ∈ SPre(C), define:

– a simplicial set: Map(X,Y )n := homSPre(C)(∆[n] ⊗ X,Y ), n ∈ N (with the
obvious values on maps);

– a simplicial presheaf: Map(X,Y )(U) := Map(X �U , Y �U ), U ∈ Ob(C) (with
the obvious values on maps).

Then:

– Map(−,−) : SPre(C)op × SPre(C) → SSet gives the mapping space functor
for SPre(C);

– (−)K := Map(K̂,−) : SPre(C) → SPre(C) gives the power functor, for K a
simplicial set.

4 Model structure on simplicial sheaves
Let us now see how we can get a model structure on SShv((Sm/k)Nis). In order to
restrict the projective (respectively, injective) model structure from presheaves to sheaves,
we need a small technical adjustment. Namely, we must switch to the local projective
(respectively, injective) model structure, which is based on the notion of “local weak
equivalence”. We shall then try to unravel (without focusing too much on the details)
this concept.

Fix C a small Grothendieck site (e.g. (Sm/k)Nis).

• Let X : Cop → SSet be a simplicial presheaf. Then, for U ∈ Ob(C), the assignment:
U 7→ π0(X(U)) ∈ Set4 gives a presheaf on C. Define π0(X) as the sheafification of
such presheaf (recall the sheafification functor from the seventh lecture).

• Let U ∈ Ob(C), X : Cop → SSet a simplicial presheaf, x ∈ X(U)0, n ≥ 1. For
(V → U) ∈ Ob(C ↓ U), the assignment (V → U) 7→ πn(X(V ), xV ) (here (V → U)
induces a map X(U)0 → X(V )0; let xV be the image of x under this map) gives a
presheaf on (C ↓ U). Define πn(X �U , x) as the sheafification of such presheaf.5

4we are here making use of the homotopy groups of simplicial sets, which we saw in the second lecture.
5Note that the topology on C easily restricts to (C ↓ U).
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• A map f : X → Y in SPre(C) is a local weak equivalence if:

– the induced map π0(X)→ π0(Y ) is an isomorphism of sheaves,
– ∀n ≥ 1,∀U ∈ Ob(C),∀x ∈ X(U)0, the induced map:

πn(X �U , x)→ πn(Y �U , (f(U)0)(x))

is an isomorphism of sheaves.

Theorem 4.1. Let C be a small Grothendieck site (e.g. (Sm/k)Nis). There are two
cofibrantly generated model structures on SShv(C), namely:

• the local projective model structure, whose weak equivalences are local weak equiva-
lences of the underlying presheaves and whose fibrations are the morphisms such
that the map of the underlying presheaves has the right lifting property with respect
to the set:

{f |f is a local weak equivalence and
f is a cofibration for the projective model structure}

of morphisms of simplicial presheaves;

• the local injective model structure, whose weak equivalences are local weak equiva-
lences of the underlying presheaves and whose cofibrations are objectwise cofibran-
tions of the underlying presheaves.6

Remarks 4.2. Let C be a small Grothendieck site and recall the sheafification functor
L : Pre(C) → Shv(C), which is left-adjoint of the inclusion Shv(C) → Pre(C). We can
extend this to a functor (which, with some abuse of notation, we denote again by L)
SPre(C) → SShv(C), sending a simplicial presheaf X : ∆op → Pre(C) to L ◦X : ∆op →
Shv(C). This will be a left-adjoint of the inclusion i : SShv(C)→ SPre(C).

We can then observe some nice features of the model structure given by theorem
(4.1).

1. The simplicial structure on SPre(C) outlined in 3.2 works for SShv(C) as well, taking
care of applying the sheafification functor whenever necessary.7

2. The local projective (respectively, injective) model structure could actually have
already been defined in SPre(C). However, for both the local projective and the
local injective structures, L : SPre(C) � SShv(C) : i give a Quillen equivalence (cf
[4, 2.2]).

3. The identity functor SShv(C) � SShv(C) gives a Quillen equivalence between the
local injective and the local projective model structures.8

6For a proof of this see [4, 2.1] and [4, 1.3].
7This fact is actually contained in [4, 2.1] and [4, 1.3].
8This follows from [3, 2.1.20], the proof of [4, 2.1], the previous point and the fact that a similar

statement easily holds on the level of presheaves; see [1, 5.4.4] for a sketch of the argument.
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Finally, here is the big advantage of the local projective model structure:

Proposition 4.3. Every object of Sm/k is both fibrant and cofibrant for the local
projective model structure on SShv((Sm/k)Nis) (and on SPre(Sm/k)).9

And here is the disadvantage:

Proposition 4.4. Sm/k embeds fully faithfully in the local projective homotopy category
of SShv((Sm/k)Nis) (and SPre(Sm/k)).10

Thus, the local projective model structure (as well as the local injective one, as we
have seen they are Quillen equivalent) leads to a sterile homotopy theory, where the only
equivalent objects are those that are isomorphic. What we can do, in order to obtain
a homotopy theory of some more interest, is add more weak equivalences to our model
structure. This can be achieved using Bousfield localization, as we have seen last week,
thanks to the fact that the model structure constructed so far gives rise to a simplicial
model category.

Exercises
Prove that if C is a simplicial model category, X ∈ Ob(C) is cofibrant and Y ∈ Ob(C) is
fibrant, then the following adjoint pairs:

1. −⊗X : SSet� C : Map(X,−)

2. Map(−, Y ) : C � SSetop : Y (−)

are Quillen functors.

Hint. As for (1), prove that Map(X,−) is a right-Quillen functor for every cofibrant
X ∈ Ob(C), using (e)); then show that ∀T ∈ Ob(C) Map(0, T ) is the final object of SSet,
using (c)),(d)). As for (2), use a similar strategy; if you think you got to the wrong
conclusion, have a better look at the model category on the right.

Please send the exercises by e-mail, as I will be away for the next 3 weeks. You are
encouraged to contact me in case you have troubles with the exercises or if you find
inaccuracies in the notes.
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