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1 Introduction

1.1 Topics

The name of this seminar is ’Algebraic Geometry and homotopy theory’ and the subject is motivic
homotopy theory. I will start by spending some time explaining the topic and giving a rough outline of
what we will treat in this course.

• Simplicial sets and their basic properties, geometric realisation /singular simplicial set, Dold-Kan
correspondence. (4 weeks)

A simplicial set is a ’model for a nice topological space’, one built out of glueing simplices.

• Model categories, basic properties of model categories, some examples of model categories. (2-3
weeks)

A model category is a category with a distinguished class of maps (called weak equivalences, fi-
brations and cofibrations) with a notion of homotopy between maps. Important examples are
topological spaces, simplicial sets, chain complexes of modules over a commutative ring. Given a
model category M one can construct the homotopy category Ho(M) by ’formally inverting’ the
weak equivalences.

• Grothendieck topologies, sites, topoi and some of their basic properties. (2 weeks)

A presheaf on a topological space is a contravariant functor from the category of open sets (with
inclusions as morphisms). A sheaf on a topological space is a presheaf that satisfies some gluing
conditions w.r.t. open covers.

A Grothendieck topology on a category is simply a notion of ’open covering’ of objects of that
category, a category with a choice of Grothendieck topology is called a site. A sheaf on a site is a
presheaf on the underlying category which satisfies some glueing condition w.r.t the Grothendieck
topology on that site.

A topos is a category of sheaves for some site.

• The end goal is to construct a model structure on the category of schemes equipped with the
Nisnevich topology.
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2 Simplicial Sets

2.1 Definition

When one does topology, one usually restricts their attention to sufficiently nice spaces, e.g. CW complexes
or simplicial complexes. However, the category of CW complexes is not well behaved as we would like.
The idea is to build topological spaces out of standard simplices.

Definition 2.1. The category ∆ has as objects the ordered sets [n] = {0, 1, · · · , n} for all n ∈ N and
as morphisms order preserving maps.
Definition 2.2. A simplicial set is a contravariant functor ∆→ Set, a morphism of simplicial sets
is a natural transformation. If X is a simplicial set we will usually write Xn for the set X([n]).
Elements of the set Xn are called n-simplices. We will write S for the category of simplicial sets,
morphisms are natural transformations of functors.

Remark 2.1. By the Yoneda Lemma we obtain a natural bijection between the sets Xn
∼= S(∆(−, [n]), X).

Example 2.1. The first example of a simplicial set is simply a representable functor, i.e., a functor of
the form

[k] 7→ ∆([k], [n])

for some n ∈ N. Notation: ∆[n].
Example 2.2. Another example is the constant simplicial set A for any set A. Just take the constant
functor [n] 7→ A.(constant on objects, identity on morphisms).

2.2 Topological Simplices

There is a functor F : ∆→ Top called sending [n] 7→ ∆n and sending maps θ : [m]→ [n] to a map

θ∗ : ∆m → ∆n

(x0, · · · , xm) 7→

 ∑
j∈θ−1(0)

xj , · · · ,
∑

j∈θ−1(n)

xj


where ∆n is the standard n-simplex. Proving that this is a functor will be an exercise.

2.3 Face and degeneracy maps

The reader might remember the face maps from algebraic topology. These are continuous maps di :
∆n−1 → ∆n including ∆n−1 into ∆n as the i-th face. . As it turns out, these maps actually come from
maps in ∆.
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For 0 ≤ i ≤ n we have the following maps:

di : [n− 1]→ [n], di(j) =

{
j if j < i
j + 1 if j ≥ i

si : [n+ 1]→ [n], si(j) =

{
j if j ≤ i
j − 1 if j > i

Note that the di are precisely the injective order preserving maps [n − 1] → [n]. Since simplicial sets
are contravariant functors, we have induced maps di : Xn → Xn−1 and si : Xn → Xn−1. We will call a
simplex x ∈ Xn degenerate if it is the image of sj for some j.

There are some well known identities concerning these two classes of maps, the proofs will be an exercise
.

Lemma 2.1 (Cosimplicial Identities). The following identities hold:

djdi = didj−1 for i < j (1)

sjsi = si−1sj for i > j (2)

sjdi =


disj−1 if i < j
id if i = j, j + 1
di−1sj if i > j + 1

(3)

It it interesting to note that any map in ∆ can be factored uniquely in terms of the above maps.

Lemma 2.2. In ∆, any morhpism f [n]→ [m] has a unique representation”

f = dik · · · di1sj1 · · · sjh

Proof. See the book

This is a very useful lemma since it we can now define simplicial sets in terms off face and degeneracy maps,
to be precise. A simplicial sets is the same as a collection of sets Xn for n ≥ 0 and maps di : Xn → Xn−1

and si : Xn → Xn+1 for all 0 ≤ i ≤ n satisfying the relations dual to those in (2), (3), (1). This is
illustrated in the picture below.

X0 X1 X2 · · ·s0

d0

d1

s0

s1

d0

d1

d2

satisfying the simplicial identities. This allows us to generate more examples:
Example 2.3. Let (G, e) be a group, then there is a simplicial set BG defined as

BGn = {(x0, · · · , xn|xi ∈ G)
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with degeneracy maps

si : BGn → BGn+1

(x0, · · · , xn) 7→ (x0, · · · , xi, e, xi+1, · · · , xn)

and face maps

di : BGn → BGn−1

(x0, · · · , xn) 7→ (x0, · · · , x̂i, · · · , xn)

Remark 2.2. This construction can be generalised to any category (a group is a groupoid with one ele-
ment) by considering elements of ∆ as categories (posets are categories) and morphisms of ∆ as functors.
Then we can construct a functor N : Cat→ S by

N(C)n = Cat([n],C)

so the n-simplices associated to a category are sequences of composable morphisms of length n. Fact: A
category is determined by its nerve up to equivalence.
Example 2.4. Given a topological space X we can consider the sequence of sets

Sing(X)n := Top(∆n, X)

where the maps Sing(X)n → Sing(X)m are the maps induced by maps ∆m → ∆n which in turn in induced
from maps [m]→ [n]. The (co-)simplicial identities in ∆ in turn imply the simplicial identities for Sing.
It will be an exercise to show that Sing(X) is functorial in X.

3 Geometric Realisation

We have already seen how to ’realize’ an element of ∆, or equivalently a representable functor in S. We
would like to extend this realization functor to the rest of S, i.e., find the dotted arrow in the diagram
below:

∆ Top

S

F

|−|

The existence of this functor (and its right adjoint) follows from some category theory, which we will
hopefully see next week. There is also a more explicit description of the geometric realisation functor:

Definition 3.1. Given a simplicial set X, define

|X|′ =
(∐

Xn ×∆n
)
/ ∼
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where Xn := X[n] is given the discrete topology and where (∼) is an equivalence relation given by
(x, p) ∼ (y, q) if either

di(x) = y and di(q) = p; or

sj(x) = y and sj(q) = p.

where di, si are the face and degeneracy maps induced by F and di, si are the face and degeneracy
maps induced by X.

Remark 3.1. Lets try to make sense of this definition. For every x ∈ Xn we have a topological n-simplex
∆n and then we take the disjoint union over all n. The equivalence relation says the following:

If x ∈ Xn and si(x) = y, then

(y, p) ∼ (x, sj(p))

which means that

{y} ×∆n+1 ∼ {x} × sj(∆n+1)

= {x} ×∆n

since sj : ∆n+1 → ∆ is surjective. This means that if y is degenerate (sj(x) = y) then {y} ×∆n+1 gets
identified with a lower dimensional simplex and we can ignore it during our computation of a realization.

If x ∈ Xn and di(x) = y then

(y, p) ∼ (x, di(p))

so the n− 1 simplex {y} ×∆n−1 gets glued to the i-th face of {x} ×∆n.
Lemma 3.1. The realization functors extend F , i.e.

|∆[n]| ∼= F ([n]) = ∆n

Proof. Induction over n, base case is trivial. Use Remark 3.1.

4 Limits, Colimits and mapping spaces

For sets A,B, the collection of functions from A to B

Set(A,B)

is again set (usually denoted by BA). There is a natural bijection of sets

Set(A×B,C) ∼= Set(A,Set(B,C))

(a, b 7→ f(a, b)) 7→ (a 7→ f(a,−))
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As it turns out, something similar holds for simplicial sets. Given simplicial sets X,Y we can define a
mapping space

S(X,Y )n =7→ S(X ×∆[n], Y )

where S(A,B) is just the set of simplicial set homomorphisms. Before we show that the exponential law
holds, we will first prove that it is a simplicial set. Given a morphism φ : [n] → [m] we get a morphism
of simplicial sets φ∗ : ∆[n]→ ∆[m] and thus a morphism

S(X ×∆[n], Y )→ S(X ×∆[m], Y )

f(a, b) 7→ f(a, φ∗(b))

and this is clearly a functor.

Next we need to have a notion of product in order to generalize the exponential law for sets. Fortunately
this is rather straightforward, given simplicial sets X,Y we can define their product as

(X × Y )n := Xn × Yn

and it is an exercise to verify that this satisfies the universal property of the product.

Proposition 4.1. There is a natural isomorphism of sets

S(X,S(Y,Z)) ∼= S(Y ×X,Z)

Proof. This proof works for every (small) category C, not just ∆. We will first need a proposition which
will be proven in the next lecture:

Lemma 4.1. Let X be a simplicial set, then X is isomorphic to a colimit of representable functors. That
means that there is a diagram category J and a functor B → S such that B(j) is representable for all j
and such that X is isomorphic to the colimit of B.

Now let X,Y, Z be simplicial sets and assume for the moment that X is representable, so X = ∆[n] for
some n. Then the following holds

S(X,S(Y,Z) ∼= S(∆[n],S(Y,Z)
∼= S(Y ×∆[n], Z) (Yoneda)
∼= S(Y ×∆[n], Z).

So the theorem holds for representable X. The second observation is that both S(−, A) and S(−×B,A)
preserve colimits (proof as an exercise) so now we can write X as colimit of representables and then:
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S(X,S(Y,Z)) ∼= S( lim←−
∆[n]→X

∆[n],S(Y,Z))

∼= lim−→
∆[n]→X

S(∆[n],S(Y,Z))

∼= lim−→
∆[n]→X

S(Y ×∆[n], Z) (Yoneda)

∼= S( lim←−
∆[n]→X

(Y ×∆[n]) , Z)

∼= S(Y × lim←−
∆[n]→X

∆[n], Z)

∼= S(Y ×X,Z)
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